The information about the distance of separation between two point targets that is contained in scattering data is explored in the context of the scalar Helmholtz operator via the Fisher information and associated Cramér-Rao bound (CRB) relevant to unbiased target separation estimation. The CRB results are obtained for the exact multiple scattering model and, for reference, also for the single scattering or Born approximation model applicable to weak scatterers. The effects of the sensing configuration and the scattering parameters in target separation estimation are analyzed. Conditions under which the targets' separation cannot be estimated are discussed for both models. Conditions for multiple scattering to be useful or detrimental to target separation estimation are discussed and illustrated.
Introduction
An important question in imaging and inverse scattering is the quantification of theoretical limits in the information that can be extracted about parameters of a wave scatterer from given scattered field data. This question, with particular interest in the quantification of limits related to target localizability and resolution, has been tackled in a number of papers (see [1, 2, 3] and the references therein) via the statistical signal processing framework of the Fisher information and the associated Cramér-Rao bound (CRB) [4] . This approach quantifies the best precision with which scattering parameters can be estimated in the statistical framework of unbiased estimation under given signal corruption or noise models. Importantly, this quantification is algorithm-independent and showcases the role of both scattering parameters and imaging or sensing configuration. Furthermore, this theoretical approach holds under nonnegligible multiple scattering conditions where the mapping from object function to data is nonlinear, which prevents the direct application of the standard diffraction limits (λ/2 rule of thumb) of inverse scattering problems under the Born approximation as well as inverse source problems where the respective map is linear and therefore tractable via bandlimitation considerations in spatial Fourier domain.
The present paper expands our research on CRB analysis of multiple scattering effects in the estimation of target parameters initiated in a previous paper [1] co-authored by the current authors. In that paper we characterized analytically and computationally the roles of the sensing configuration and the scattering parameters in the task of localizing two point targets. Concrete conditions were derived under which localization is facilitated or obstructed. The separate roles of the sensing configuration and the scattering parameters were isolated and interpreted. The results were obtained within the exact scattering model including multiple scattering and, for reference purposes, also under the approximate first Born approximation scattering model so as to obtain insight on the role of multiple scattering in either facilitating or obstructing target localization relative to the baseline provided by the Born approximation. To ease mathematical tractability and insight, in that paper the focus was the information about the targets' positions under the assumption that the target scattering strengths and the separation of the two targets are known. In the present paper we address the complementary question about the information on the targets' separation if the position of one of the targets is known or if the position of the center of the two targets is known, which is related to the question of how well the two targets can be resolved from the scattering data.
The original contributions of the present paper can be summarized as follows. First, we provide the closed-form Fisher information and CRB expressions applicable to estimation problems relevant to target resolution and exploit the implications of the resulting developments with the aid of computer illustrations. Second, the present work expands the current understanding of the role of multiple scattering in imaging resolution by considering two different physical situations: one where prior knowledge of the position of one of the scatterers is available and another where prior knowledge of the center of the composite two-scatterer target is available. We derive for these two different scenarios the necessary and sufficient conditions under which the estimation of the targets' separation is impeded within the exact multiple scattering model. In addition, we derive analytically and illustrate computationally the conditions under which multiple scattering outperforms the Born approximation predictions and vice versa where the Born approximation predictions are unrealistically optimistic. As explained in [1] , the estimation performance depends on both conditions intrinsic to the data, in particular the sensing configuration, as well as conditions that depend on the target, in the present case the scattering parameters of target strengths and positions. The adoption of the canonical system of two point scatterers allows us to gain insight into the role of both sensing configuration and scattering parameters and, in particular, the mathematical expressions for Fisher information and CRB derived in the paper demonstrate factors that depend only on configuration or on parameters as well as more complex factors that depend on both.
The remainder of the paper is organized as follows. Section 2 reviews the forward scattering model. Section 3 presents the CRB results for target separation estimation. Section 4 provides numerical illustrations of the derived theory. Section 5 provides concluding remarks. Appendix A summarizes the basic Fisher information and CRB derivation.
Review of the Multiple Scattering Model
Following [1] , we consider scattering within the framework of the scalar Helmholtz operator in three-dimensional free space, ∇ 2 +k 2 , where
2 is the Laplacian operator and k = 2π/λ is the wavenumber of the field corresponding to wavelength λ. For analytical tractability and insight, attention is restricted to a system of two point scatterers having complex scattering strengths τ 1 and τ 2 and positions R 1 = (0, 0, d 1 ) and R 2 = (0, 0, d 2 ) in the z axis (see Figure 1 of [1] ). We assume
Consider incident plane waves e iksi·r traveling in the direction of the unit vector s i corresponding to incidence polar angle α (cos α = s i ·ẑ) and far-zone sensing in the direction s corresponding to scattering polar angle β (cos β = s ·ẑ). These (polar) angles lie in the range [0, π] . For this two-scatterer system under plane wave excitation, the scattering amplitude including multiple scattering is given by [1] 
where
and
where 
Target Separation Estimation
This section describes the statistical information that is contained in scattering data about the separation distance d between two known point scatterers. In imaging systems, the ability to estimate the separation distance d of two point targets is usually regarded as a metric for the resolution or ability of the imaging system to resolve target details. The smaller the separation distance d of two point targets that can be properly estimated, the higher the resolution. The question is how the resolution is affected by the target parameters and the remote sensing configuration, particularly in the case when multiple scattering is significant. In the following, we study this question in the exact multiple scattering framework. For reference and to facilitate interpretation of the results, we also derive the respective Born approximation results valid for weak scatterers. We derive and discuss the necessary and sufficient condition under which it is theoretically impossible to resolve the targets ("no-resolution condition"). This, of course, implies as a corollary the contrary "resolution condition" under which the targets can be resolved. We also comparatively examine the predictions of the exact and Born approximation models, paying particular attention to contrasting the degrees of freedom associated to the no-resolution conditions of the two models, and investigate the conditions where multiple scattering is beneficial or detrimental to resolution relative to the Born approximation model limits. In the following analysis, we consider two different scenarios associated to two different physical and informational situations. One is the case where the position of one of the targets, say target 1, is known (d 1 is known). The other case is where the position of the center of the two targets d c = (
is known. The results for the two cases are different but have the same general mathematical structure, and therefore lead to similar general conclusions about the role of the scattering and configuration parameters in the task of resolving the targets and the differences between the exact and approximate models. A summary of the basic Fisher information and CRB results needed to carry out the computations of this section is given in Appendix A.
Calculation for Known-d 1 Case
The following calculation assumes prior knowledge of the first scatterer's position, d 1 , as well as of the scattering strengths, τ 1 and τ 2 . Adopting the Born approximation model (Eq. (30)), the Fisher information I (n) (d) of the nth scattering experiment corresponding to given pairs (α n , β n ) of incidence and scattering angles α n ∈ [0, π] and β n ∈ [0, π], respectively, is found from (34) with ξ = d to be given by
On the other hand, in the exact multiple scattering model we obtain from Eqs. (29,34)
As in the localization problem considered in [1] , where
, which implies that under the condition g(α n , β n ) = 0 (which is equivalent to the line-of-sight (LOS) condition, α n = β n ) no information is contained in the data about the target separation d. However, this is not the case under the multiple scattering model, where, according to Eqs. (9,10), I
(n) (d) does not necessarily vanish if g(α n , β n ) = 0 or α n = β n , i.e., the respective LOS data may carry information about d. This issue is illustrated and discussed further in the following.
The two special cases of LOS data (α n = β n ) and of backscattering data (α n = π − β n ) allow further simplifications which facilitate visualization. Under the LOS condition, the Fisher information is given by (9) where C(α n , α n ) defined by (10) takes the particular form
In this LOS condition, the Born approximation model applicable to weak targets does not permit the estimation of the targets' separation. This is a very specific situation where categorically only non-weak scatterers exhibiting non-negligible multiple scattering can reveal the targets' separation information. On the other hand, for very specialized combinations of parameters, C(α n , α n ) in (11) vanishes so that the respective LOS Fisher information I (n) (d) vanishes as well. For example, if we let d > 0 be arbitrary while α n is chosen such that kd cos α n takes one of the discrete values ±(2p + 1)
gives I (n) (d) = 0. For backscattering data, the Fisher information about d is given by (9) with β n = π − α n where the corresponding C(α n , π − α n ) is given by
Note that, according to (8), within the Born approximation for weak scatterers, the Fisher information is proportional to g 2 (α n , π − α n ) = 2 cos α n so that it vanishes for α n = π/2. This situation contrasts with the exact model result (13) which gives
which vanishes only for specialized values of the parameters d, τ 1 and τ 2 .
Calculation for Known-d c Case
Alternatively, we may consider another scenario where the center of the two targets, 
The corresponding Fisher informations, to be denoted as I 
The behavior of I (n)
Born (d) in Eq. (17) applicable to the known-d c case is similar to that in the counterpart result (8) for known d 1 in that the Fisher information is proportional to the quantity g 2 (α n , β n ). Again, the Fisher information vanishes for g(α n , β n ) = 0, i.e., α n = β n , so that under this LOS condition d cannot be estimated. However, instead of being proportional to |τ 2 | 2 as in (8), the Fisher information in (17) is proportional to DN R Born which is a function of both scattering strengths and the incidence and sensing angles. Previously, because d 1 was known, an estimation of d was effectively an estimation of d 2 and, therefore, the problem was essentially of locating the second scatterer. Hence, a stronger second scatterer strength leads directly to better resolution information. In contrast, in the known-d c case, because it is the center point that is known, an estimation of d is effectively the estimation of both d 1 and d 2 where it is known that the scatterers are equidistant from the known position d c on the z-axis. Thus, within the Born approximation, the two estimation problems (known d 1 and known d c ) have a fundamental difference in that, while for known d 1 the no-resolution condition is the LOS condition, α n = β n , for known d c , it is the LOS condition α n = β n or DN R Born (α n , β n ) = 0. Thus, unlike in the known-d 1 case, in the known-d c case, zero resolution information is possible for certain values of the scattering parameters at non-LOS (NLOS) angles α n = β n . On the other hand, the exact multiple scattering expression (19) resembles its known-d 1 counterpart (9). In this case, the angular dependence is more complex and g(α n , β n ) = 0 does not imply zero information about d. In the following, we elaborate the no-resolution conditions for both the exact and approximate models (whose disobeyance defines, of course, the contrary "resolution conditions" under which it is theoretically possible to resolve the targets).
No-Resolution
Condition: Known-d 1 Case
Born Approximation
As explained in the preceding paragraph, it follows from (8) that, under the Born approximation, the no-resolution condition for the known-d 1 case is simply the LOS requirement, α n = β n . Note that this condition depends only on the sensing angles and hence applies to any value of the scattering parameters d, τ 1 and τ 2 . In particular, this no-resolution condition defines a plane which has 6 degrees of freedom in the 7-dimensional parameter space associated to (d, τ 1 , τ 2 , α n , β n ).
Exact Model
Note that F (d, τ 1 , τ 2 ) = 0 for finite parameters d, τ 1 and τ 2 . It follows from Eqs. (9,10) that I (n) (d) = 0 if and only if C(α n , β n ) = 0, in particular,
By using expression (29) for K n (d) in (22) and manipulating the resulting equation for (d, τ 1 , τ 2 , α n , β n ), it is not hard to show that this equation cannot be obeyed for arbitrary values of the scattering strengths τ 1 and τ 2 in clear contrast with the corresponding Born approximation no-resolution condition (the LOS condition) which holds for any τ 1 and τ 2 . The Born approximation condition corresponds to 6 degrees of freedom which is dimensionally less restrictive than the exact multiple scattering condition, suggesting that as the targets scatter more it also becomes less likely for the scattering and configuration parameters to be such that zero information is available about the targets' separation d. In particular, it follows from (29) that if the values of d, α n , β n and τ 1 (or τ 2 ) are arbitrarily fixed, condition (22) reduces to a quadratic equation in τ 2 (or τ 1 ) which gives either two different or one (double-root) solution for τ 2 (or τ 1 ). The number of degrees of freedom of this no-resolution condition is 5 in the 7-dimensional parameter space of (d, τ 1 , τ 2 , α n , β n ). On the other hand, while in the Born approximation the angles for no-resolution are restricted by α n = β n , under exact multiple scattering, the angles for no-resolution can take any value as long as the other parameters are such that condition (22) holds.
No-Resolution Condition: Known-d c Case

Born Approximation
As outlined above, it follows from (17) that, for the Born approximation, the no-resolution condition for the known-d c case is
Thus, there are two alternative ways of having zero resolution information. One is the LOS condition, which involves 6 degrees of freedom in the 7-dimensional parameter space. Another is the zero DN R Born condition, which can be put explicitly as
where p max is constrained by
The condition involves 5 degrees of freedom in 7-dimensional space. This can be readily visualized by noting that the first condition in (24) defines two planes (τ 1 = ±τ 2 ) in the parameter space, reducing the dimensionality from 7 to 6, while the second condition defines for any (θ 1 , θ 2 , α n , β n ) a countably infinite set of values of d. In particular, the values d
implying the loss of another dimension for a total of 5 degrees of freedom. The DN R Born = 0 alternative has less degrees of freedom than the LOS condition. However, it offers greater flexibility to the no-resolution angles which are not required to be the same under this other condition.
Exact Model
It follows from Eqs. (19,20) that, within the exact model, the no-resolution condition is C (α n , β n ) = 0, i.e.,
This result has the same general form as the known-d 1 counterpart (22) and yields, through the methodology outlined above, the same general conclusions. For instance, it is a constraint of 5 degrees of freedom. The comparative discussion of the exact and approximate models given for the known-d 1 case still applies. However, there is a minor difference which is that, in the known-d c case, the Born approximation model allows situations where estimation of the targets' separation is impossible at arbitrary sensing angles unlike in the knownd 1 case where the LOS condition is the only way of impeding estimation of this distance.
Numerical Illustrations
Single Observation
Next we discuss a selection of single observation experiments which illustrate how variations in the system's parameters (scatterer separation d, scatterer strengths τ 1 and τ 2 ) and observer configuration (incident and observation angles α n and β n ) affect the estimation of the targets' separation. In generating the following plots, we use σ 2 = 1 so that the plotted CRB results are normalized by the noise variance σ 2 . In some of the plots, the CRB of the targets' normalized by σd) . This highlights the estimation error relative to d which facilitates interpretation. Also, we consider unit value wavelength λ = 1 so that the wavenumber k = 2π/λ = 2π and all distances (e.g., d) can be given in the plots in terms of the wavelength. Figure 1(b) . On the other hand, the exact CRB is finite in all these cases: the information about the targets' separation contained in the data is thus greater than the Born approximation value. As a general trend, the exact CRB is seen to decrease with the observation angle, reaching its lowest values for the near-backscattering angles, except for the known-d c case and d = λ/2 where the forward scattering and backscattering values are comparable. This can be understood intuitively from the corresponding Born approximation result where the CRB goes to infinity for both β = 0 and β = π. In addition to lacking blind spots, the exact CRB varies only smoothly with limited regions of raised bound or peaks such as the ones Figure 2 shows the results for the known-d 1 case while Figure 3 shows the results for the known-d c case. The dark areas highlight regions where the CRB is high. These do not explicitly correspond to blind conditions but the black regions do follow loci of infinite CRB conditions in general. The simplest plot is the Born approximation knownd 1 case result shown in Figure 2 (b) which shows a single high CRB ridge along α = π/2 where g = 0 so that, according to (8), the CRB is infinite. The Born approximation known-d c case plot shown in Figure 3(b) contains the same ridge with the addition of a widening region of increasing bound in the vicinity of α = π/2 for small separations d as well as a number of blind zones per given value of d which increases as d grows larger. All of this is in agreement with the analysis presented in (17) and (24,25) . The exact CRB results shown in these figures exhibit similar general trends with differences between the exact and approximate results becoming more prominent for smaller d. This is also as expected since this is where the multiple scattering becomes stronger. These effects appear to be favorable toward facilitating estimation of d as the blind conditions predicted by the Born approximation break up into sparser individual peaks or disappear entirely as d decreases.
Figures 4 and 5 illustrate further the results in Figures 2 and 3 , showing the relation between the Fisher information for the multiple scattering and Born approximation models. The most noticeable difference between the known-d 1 and known-d c cases is the shape of the alternating beneficial and harmful influence regions of the multiple scattering. In the known-d 1 case, the pattern resembles stripes rather than a checker-board as in the known-d c case. As in the localization case studied in [1] , the alternating pattern ends below some value of d (d 0.05λ for known- d 1 and d 0.08λ for known-d c ) . Notably, the behavior in this small d region is opposite from the localization case in that here CRB(d) of the multiple scatter is consistently higher. This result is also consistent with the multiple observation results discussed later and illustrated in Figure 7 (a) where the error bounds of the multiple scattering and Born approximation models averaged over all observation and incidence angles converge for higher values of d but, for lower values of d, the CRB of the multiple scattering model is consistently lower.
We consider next the LOS or forward scattering configuration, α = β, for τ 1 = 1 = τ 2 . In this configuration, the exact expressions for CRB(d) in terms of d 1 and d c become equal. On the other hand, the Born approximation predicts CRB(d) = ∞ due to the vanishing of g for this configuration. Figure 6 shows a plot of the CRB for the multiple scattering model. As expected, the CRB increases as d grows because the multiple scattering becomes less pronounced with greater scatter separation and the results approach the Born approximation prediction. High bound ridges appear for separations above one wavelength and increase in number as d increases above this size. This is as expected from the 
Multiple Observations
We consider next the case of multiple observations data. The corresponding calculations provide values of the CRB averaged over the sensing configuration parameters which effectively reduces the parameter dimensionality and allows us to decipher general patterns that are not obvious from the single observation analysis and associated computer results. In addition, the relation between the exact and Born approximation models is similar to the one in the localization context considered in [1] in that the two models match reasonably above d = λ/2 but diverge below this separation. However, the small d behavior is the opposite of what we obtained for the localization problem in [1] . Thus, unlike in the localization problem, where the Born approximation is unrealistically optmistic for small d λ/10, in the target separation problem, the Born approximation CRB is significantly higher than the exact CRB for d λ/10 so that the approximate predictions are in reality quite pessimistic. It is important to note that, in clear contrast with the target localization problem where the strong multiple scattering present for small d has a destructive effect in SNR which in turn reduces target localizability for small d as we discussed earlier, in the related problem of estimating the target separation, the strong multiple scattering for small d plays a beneficial role since the information about d does not rely on SNR. In particular, in the targets' separation problem, d is the sought-after parameter and estimation is based on the rate at which the data signal changes due to variations in d which is significant for small values of d due to multiple scattering. Therefore, the associated information that can be extracted about d is also significant for small values of d, as is shown in these plots.
Conclusions
This paper has expanded the research on CRB for scattering parameter estimation initiated in the previous paper [1] , co-authored by the current authors, where we studied, via the CRB approach, the effects of multiple scattering in the localization of a two-target scattering system. In the present paper, we have addressed the pending question of the effects of multiple scattering in the estimation of the separation distance between two targets which is related to the resolvability of the two targets from scattering data. As in [1] , we have assumed that the target strengths are known which simplifies the formulation and the interpretation of the derived findings. Two possible situations were considered: one where the position of one of the scatterers is known, which essentially models localization of the other target in a (non-free-space) medium including the other target which acts as a multipathing agent, and another where the center of the two targets system is known but the targets' separation is unknown, which essentially simulates estimation of the size of the total two-target scatterer. The presented results complete the discussion initiated in [1] , clarifying further the role of multiple scattering in the localization and resolution of targets.
Concrete examples of conditions under which multiple scattering aids or impedes target separation estimation relative to the baseline of the Born approximation have been derived and illustrated. We have derived for both the exact and approximate scattering models the conditions under which the targets' separation cannot be estimated and concluded that these conditions are generally more restrictive under the Born approximation than for the exact model. Thus, in general, multiple scattering enhances target resolvability. The provided numerical results of CRB(d) corresponding to multiple observations show that, for d λ/2, the Born approximation gives results which are, on average, very similar to those of the exact model. On the other hand, when considering single observations, specific cases exist where one model or the other exhibits a larger CRB. The multiple observation results for the two models diverge for smaller values of d (d λ/2) . The boundary depends on whether the center of the two targets or the position of one of the targets is known. However, in contrast to the localization problem of the previous paper [1] , the error bound of the multiple scattering model is consistently smaller than the error bound of the Born approximation model and, for very small target separations, multiple scattering significantly enhances the estimability of the two targets' separation.
